In this paper we show that pure Lovelock static Schwarzschild's analogue black hole in dimensions d > 3N + 1, where N is the degree of Lovelock polynomial action, is stable even though pure Gauss-Bonnet N = 2 black hole is unstable in dimension d < 7. We also discuss and compare quasinormal modes for pure Lovelock and the corresponding Einstein black hole in the same dimension. We find that perturbations decay with characteristic time which is weakly dimensional dependent as it depends only on the gravitational potential of the background solution, while frequency of oscillations however depend on the dimension. Also we show that spectrum of perturbations is not isospectral except in d = 4.
I. INTRODUCTION
It is well known static black hole described by Schwarzschild's vacuum solution of the Einstein equation is stable relative to metric perturbations in all dimensions ≥ 4 [1] . In this case gravitational potential goes as 1/r d−3 with d − 3 ≥ 1 always. In other words, so long as potential falls sharper than 1/r, it would be stable. The natural question that arises is, would it also be so for static black hole in other generalizations of Einstein's gravity? The most natural and interesting generalization of Einstein's gravity -general relativity (GR) is the Lovelock theory involving higher order derivatives as its action is homogeneous polynomial in Riemann curvature of arbitrary degree N . Despite this, it is remarkable that the equation that follows from variation of the action always yields second order equation of motion.
Einstein gravity is included in this generalized theory for N = 1 linear order in Riemann while N = 2 is the quadratic Gauss-Bonnet, and so on. Each order comes with a dimensionful coupling constant, and there is sum over N = 0, 1, 2, ... where N = 0 corresponds to cosmological constant, Λ. The general feature of the Lovelock theory is that for d = 2N equation is vacuous meaning corresponding Einstein tensor G ab vanishes identically, it is kinematic for d = 2N + 1 implying corresponding Riemann is entirely given in terms of Ricci and hence there can exist no non-trivial vacuum solution [2] . Gravity could have dynamics admitting non-trivial vacuum solution only in dimensions d ≥ 2N + 2. This means, this is a quintessentially higher dimensional generalization; i.e. the term corresponding to N > 1 will make non-zero contribution to equation of motion only in dimension greater than four.
By defining Lovelock analogue of Riemann curvature [2] [3] [4] , it has been shown that gravity is kinematic -corresponding Riemann given in terms of Ricci -in all critical odd dimensions, d = 2N + 1 [5] for pure Lovelock Lagrangian that includes only one N th order term. By pure Lovelock we mean the Lagrangian and consequently equation of motion has only one N th order term, there is no sum over lower orders. In particular pure Gauss-Bonnet has only the Gauss-Bonnet term without Einstein-Hilbert term. Apart from kinematicity property being universal for all critical odd d = 2N +1 dimensions, pure Lovelock is also singled out by another property -admission of bound orbits around a static object [6] . Since for Einstein gravity potential goes as 1/r d−3 , bound orbits could exist only if d− 3 < 2, the condition required for centrifugal potential to be able to counter-balance gravitational pull. Thus for Einstein gravity, bound orbits can exist only in d = 4 and none else.
The situation however changes for pure Lovelock because for it potential goes as 1/r α where α = (d − 2N − 1)/N [7] . Clearly α < 2 always and hence bound orbits always exist in pure Lovelock gravity in dimensions d ≥ 2N + 2. Then the question arises, is pure Lovelock static black hole with potential 1/r α , α = (d−2N −1)/N stable under scalar, vector and tensor perturbations? This was the question addressed for pure Gauus-Bonnet black hole in six dimension [8] . It turns out that it is in general unstable, however on inclusion of positive Λ, there does appear a parameter window for mass and Λ for which stability is achieved. Note that in this case potential falls off as 1/ √ r which is slower than 1/r.
Further it turns out that pure Lovelock potential falls off exactly as four dimensional GR, 1/r in d = 3N + 1 [9] . In all d > 3N + 1, it would fall sharper than 1/r. The natural question that arises is that would pure Lovelock black hole in d = 3N + 1 be stable? This is the question we wish to address in this paper. We shall show in particular that pure GB black hole is stable in seven dimension. We shall also compute its quasinormal modes. This result will also be generalized to all dimensions d ≥ 3N + 1. The inference that emerges is that stability is determined by fall off potential whether it is slower or sharper than 1/r. It is expected to be unstable for the former and stable for the latter irrespective of the pure Lovelock degree. Though it has been proven only for pure GB that black hole is unstable in d = 6 where potential falls off as 1/ √ r [8] . In all dimensions d < 3N + 1, potential falls off slower than 1/r, black hole would be unstable.
Note that the two defining and distinguishing properties of pure Lovelock gravity are universalization of the kinematic property in all critical odd d = 2N + 1 dimensions and existence of bound orbits around a static object [10] . If these are taken as the desirable and required properties for gravity in higher dimensions, pure Lovelock is the only right and proper gravitational equation in higher dimensions.
The paper is organized as follows. In section II, we review black hole solution for pure Lovelock in critical dimension. In section III, we obtain stability of the black hole solution, in particular, we prove the stability of black holes under all type of perturbations. In section IV, we discuss the isospectrality of the perturbation modes. In section V, we obtain the QNM for scalar, vector and tensor perturbation for pure Gauss-Bonnet in d = 7, before generalizing these results to any critical dimension in section VI. Finally, we summarize our results.
The Lovelock polynomial corresponds to the most general divergence free symmetric tensor constructed out of a metric and its first and second derivatives which gives a second order differential equation. The Lagrangian is given by
where R α1β1 µ1ν1 is the Riemann tensor in d-dimensions and δ µ1ν1···µ k ν k α1β1···α k β k is the generalized totally antisymmetric Kronecker delta. Pure Lovelock is the special case where the polynomial reduces to a monomial of order N , L = L N . Considering pure Lovelock, variation of the action gives
There exist static exact solutions to this equation. For a static spherically symmetric spacetime of the following form,
we have
where r s is the location of the event horizon. Notice that d = 3N + 1 gives the Schwarzschild solution. In the rest of the paper, we will consider for each pure Lovelock of order N , the critical dimension corresponding, d = 3N + 1, which corresponds to Schwarzschild spacetime at any order N .
In the next section, we will study the stability of this spacetime and quasinormal modes (QNM) associated to the perturbations.
III. STABILITY
Stability of black holes has its root in the seminal work by Regge and Wheeler in 1957 [11] . Perturbations around a given static spherically symmetric background can be decomposed into scalar and vector perturbations while a third type of perturbations emerges in dimensions larger than 4, known as tensor perturbations. While 4dimensional stability has been thoroughly investigated by several authors in [12] [13] [14] , the extra dimension analysis is based on the formalism developed in [1, 15] . This formalism has been successfully used for many models of gravity beyond general relativity [16, 17] .
In this direction, we consider a perturbation (h µν ) to the previous background solution described by the metric (ḡ µν ), g µν =ḡ µν + h µν . The perturbation h µν can be decomposed into scalar, vector and tensor modes according to the symmetries of the background. For scalar perturbations, the metric in the Zerilli gauge takes the following form
where γ ij is the background metric for coordinates which are not (t, r). Each perturbation is decomposed in terms of scalar harmonics which satisfy∇ k∇
and∇ k is the covariant derivative associated to the background metric. As shown in [16, 18] , all perturbations (H 0 , H 1 , H 2 , K) can be expressed by a single master function ψ solution of the equation
where r * is the tortoise coordinate, with ω comes the time dependence of the perturbation e −iωt and V s (r) is an effective potential for scalar perturbation
which we notice has exactly the same form as the Zerilli potential, with
From which we can easily conclude that scalar perturbations are stable because V s (r) > 0 for r > r s . Similarly, for vector perturbations in the Regge-Wheeler gauge, we have
with∇ k v k =∇ k w k = 0 and each perturbation can be decomposed in terms of vector harmonics which satisfy
As for scalar perturbations, we can reduce the problem to a single function ψ solution of
which is also the simple generalization of the Regge-Wheeler equation to any dimension. Therefore we can also conclude that scalar perturbations decay with time because V v (r) > 0 for r > r s . Finally, for tensor perturbations, we have
with h ij the traceless, transverse tensor harmonics solu-
Similarly, we can define a new function ψ related to the perturbation φ solution of the equation
with
which is a new perturbation inexistent in 4 dimensions. This perturbation is independent of the angular momentum l, they are no angular dependence. The perturbation oscillates similarly on a sphere of radius r around the horizon. These perturbations are also stable because V t (r) > 0 for r > r s . Therefore for any critical dimension, d = 3N + 1, the Schwarzschild solution is always stable.
IV. ISOSPECTRALITY
An other way to study the stability of the black hole is to find the corresponding frequencies ω. This problem can be seen as an eigenvalue problem
where the wavefunction ψ is the eigenvector and ω the eigenvalue of the corresponding operator. These frequencies or eigenvalues of the previous operator are complex, and because we considered a time dependence of the following form e −iωt , we should find that the imaginary part of these frequencies is negative to obtain a mode decaying with time
where ω R and ω I are real and complex part of these modes known as quasinormal modes. In 4 dimensions, it is well known that modes of Schwarzschild black hole are isospectral [19] , the quasinormal modes are identical. This is an important result, specific to Schwarzschild black hole and does not hold for neutron stars or most of other gravitational theories. It can be shown that in general relativity, scalar potential (V s ) and vector potential (V v ) can be related to a same potential W
The potentials can be obtained as
If ψ v is an eigenfunction of the wavelike equation (11), then the eigenfunction for the potential V s is given by
and corresponds to the same eigenvalue ω. Therefore, the quasinormal spectrum is the same for both perturbations.
In our case, we can show an almost isospectral behavior. All potentials can be derived from the same form of W (18) and the potentials can be obtained in the following way
but the spectrum of each operator is different because the constant c differs for each type of perturbations
for scalar perturbations
for vector perturbations c = 0 , for tensor perturbations
In fact, the potentials are not obtained from the same potential W , because c is different. In d = 4, tensor modes do not exist and c takes the same value for scalar and vector perturbations. We, therefore, recover the standard result. In any other critical dimension, the spectrum will be different.
V. QUASINORMAL MODES
As we have shown previously, the problem can be reduced to finding eigenvalues of some operator. These frequencies, or quasinormal modes, gives us information on the proper oscillations of perturbed spacetime, the characteristic "ringing" of black holes. In this section, we will calculate the spectrum (ω) for each type of perturbations, solution of the equation
where V (r) is the potential for scalar, vector or tensor perturbations. We also need to impose boundary conditions, at the horizon, the perturbation should be ingoing (e −iωr * ) and the perturbation should be outgoing at infinity (e +iωr * ). Imposing these boundary conditions, only an infinite (labeled by a parameter n) but discrete values of ω solve the eq. (27), known as the quasinormal modes (QNM). They are the modes at which the spacetime oscillates and because we have dispersion of the gravitational waves (ingoing at horizon and outgoing at infinity), these modes are complex and therefore decay in time. The imaginary part should be negative because the black hole is stable as seen in the previous section. All the modes ω will be given in units r s /c = 1
In this section, we will focus on the dimension 7, which is our first new critical dimension after standard Einstein gravity in d = 4. In this case, the action is given by pure Gauss-Bonnet
For each type of perturbations, we will fix the angular momentum (ℓ = 2, 3) and calculate the first harmonic or fundamental mode (n = 0), the first overtone or second harmonic (n = 1) and finally the second overtone or third harmonic (n = 2). For that, we will perform the calculations using 3 different methods, the WKB method [20, 21] at sixth order [22, 23] , the continued fraction method [24] and by direct integration. The quasinormal modes are compared to Schwarzschild spacetime in d = 4 and to the Schwarzschild-Tangherlini solution [25] in d = 7. Therefore, we perform the comparison to same background while the action is modified and to same dimension while the action is changed.
The Schwarzschild-Tangherlini solution in 7 dimensions is derived from Einstein action and gives f (r) = 1 − (r s /r) 4 . Using exactly the same methodology, the new equation for perturbations will have exactly the same structure than eq. (27) with following potentials for scalar, vector and tensor perturbations respectively 
Notice from Table I that for all modes ω I < 0 and therefore the solution is stable. It is also interesting that ringdown signal vanishes exponentially with a characteristic time τ = 1/Im(ω) which is very similar between the Schwarzschild solution in 7 dimensions and the Schwarzschild spacetime in 4 dimensions. The dimension affects very little the characteristic time, while it is very different for similar dimension D = 7 and within different solution, Schwarzschild-Tangherlini. The characteristic time of decay of the perturbations is faster for Schwarzschild-Tangherlini background where the gravitational potential falls faster to zero (1/r 4 ). The characteristic time at which the perturbation decay depends mostly on the background potential.
On the contrary, the frequency at which these modes oscillate (f = Re(ω)/2π) is very different for the 3 spacetimes considered but again the analogue Schwarzschild spacetime has a frequency of mode oscillation closer to Schwarzschild spacetime in D = 4 than Schwarzschild-Tangherlini in D = 7. We conclude that this parameter is more sensitive to the theory considered and to the dimension.
VI. HIGHER DIMENSIONS
In this section, we generalize the previous results to any critical dimensions, Lovelock of order N in dimension d = 3N + 1. As we can see from eq.(15), tensor modes do not dependent on the dimension, they oscillate similarly in any critical dimension. On the contrary, scalar and vector perturbations depend on the dimension. We see from Figs.(1,2) similar results than we found in the previous section. The characteristic time at which the perturbations die is changing very little between all these models. Dimension does not affect the characteristic time of the ringdown, only the background gravitational potential affects it. Notice that for l = 2, the characteristic time (1/Im(ω)) becomes maximum for d = 10 for scalar and vector perturbations.
On the contrary, the frequency of oscillation is changing much more. It depends on the type of the action, and therefore on the dimension of the spacetime. The larger the dimension, the lower the frequency. Notice also that larger angular momentum l increases these effects. Finally, we can notice that all values settle to some asymptotic value. This is due to the fact that V s and V v have well defined limit when d → ∞, e.g. we have
and therefore the results of Figs.(1,2) could be obtained analytically by an 1/d expansion in higher d-dimensional spacetime.
VII. CONCLUSIONS
We have shown that for any dimension d = 3N + 1, Schwarzschild spacetime is stable in the corresponding N th order pure Lovelock gravity. And it is an exact solution of pure Lovelock equation in d = 3N + 1. We have studied around this static spherically symmetric spacetime, stability of linear perturbations. We have derived perturbation equation and shown that isospectrality holds only in d = 4, in any other dimension, scalar, vector and tensor perturbations oscillate with different frequencies. We have also studied QNM for all critical dimensions from d = 4 to d = 40. We found that tensor perturbations are isotropic and do not depend on the dimension of the spacetime, while scalar and vector decay to zero with a characteristic time which is weakly dimensional dependent. They however depend only on the gravitational potential while frequency of oscillation of these perturbations does depend on dimension. The larger the dimension, the lower is the frequency. We have also shown that all QNM's converge to an asymptotic value for large dimension, because the potentials (V s , V v ) have well defined limit for large d, and therefore could be tackled analytically using 1/d expansion.
Pure Lovelock gravity is dynamical in d ≥ 2N + 2 however static black hole is stable only in dimension d ≥ 3N + 1. This means in dimensions 2N + 2 ≤ d < 3N + 1, black hole would be unstable. However for Einstein gravity N = 1 the two limits coincide. For N > 1, there would always be a dimension window of instability for pure Lovelock black holes. It would be interesting to study in a future work if third Lovelock, N = 3, is unstable in dimension d = 8, 9.
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